The partial differential equation of Gaussian diffusion is generalized by using the time-fractional derivative of distributed order between 0 and 1, in both the Riemann-Liouville and the Caputo sense. For a general distribution of time orders we provide the fundamental solution, which is a probability density, in terms of an integral of Laplace type. The kernel depends on the type of the assumed fractional derivative, except for the single order case where the two approaches turn out to be equivalent. We consider in some detail two cases of order distribution: Double-order, and uniformly distributed order. Plots of the corresponding fundamental solutions and their variance are provided for these cases, pointing out the remarkable difference between the two approaches for small and large times.
INTRODUCTION
It is well known that the fundamental solution (or Green function) for the Cauchy problem of a linear diffusion equation can be interpreted as a Gaussian (normal) probability density function ( pd f ) in space, evolving in time. All the moments of this pd f are finite1 in particular, its variance is proportional to the first power of time, a noteworthy property of the standard diffusion.
In this article we will illustrate two types of generalization of this Cauchy problem, using fractional calculus. One of these uses the fractional derivative in the sense of Riemann and Liouville (R-L), the other in the sense of Caputo (C). We will distinguish between single and distributed orders of fractional derivatives. Specifically, we work out how to express their fundamental solutions in terms of an integral of Laplace type suitable for numerical evaluation. Particular attention is devoted to the time evolution of the variance for the R-L and C cases. It is known that for large times, the variance characterizes the type of anomalous diffusion.
The remainder of the article is arranged as follows: In Section 2 we provide the general forms of the time-fractional diffusion equation with distributed order for both R-L and C derivatives, and the Fourier-Laplace representation of the corresponding fundamental solution. For this purpose, we introduce a positive function p123, which acts as a discrete or continuous distribution of orders. In addition to the particular case of a single order 2 0 with 0 4 2 0 2 1, we consider two case-studies for the fractional diffusion of distributed order: A discrete distribution with two distinct orders 2 1 and 2 2 (0 4 2 1 4 2 2 2 1), and a continuous distribution consisting of the uniform density of orders between zero and 1.
Section 3 is devoted to the time evolution of the variance, which is obtained from the Fourier-Laplace representation of the corresponding fundamental solution, by inverting the Laplace transform (only). In the single order case, we recover the sub-diffusion power-law common to the R-L and C forms1 for the distributed order cases we find a remarkable difference between the two forms, clearly visible in their asymptotic expressions for small and large times. In section 4 we illustrate our method for determining the fundamental solutions from their Fourier-Laplace transforms, carrying out first the Fourier inversion and then the Laplace inversion. The graphical representation of the fundamental solutions (in space at fixed times) is instructive. For the case of fractional diffusion of single order, we limit ourselves, because of the self-similarity of the solutions, to plots of the corresponding solutions against x at a fixed time t 3 1. For the two case-studies of fractional relaxation of distributed order, because the self-similarity of the solutions is lost, we provide plots of the corresponding solutions against x at three fixed times, selected as t 3 051, t 3 1 and t 3 10, contrasting the different evolution of the R-L and C forms, over a moderate space-range. We note how the time evolution of the solution in the spatial range considered depends on the different time-asymptotic behaviour of the variance for the two forms.
Finally, concluding remarks are given in Section 5. Appendix A is devoted to the basic concepts of fractional calculus, while Appendices B and C deal with functions of the Mittag-Leffler and exponential integral types, respectively, in view of their relevance in our treatment.
EQUATIONS FOR TIME-FRACTIONAL DIFFUSION OF DISTRIBUTED ORDER

R-L and C Forms in the Space-time Domain
The standard diffusion equation, which reads (using re-scaled non-dimensional variables) 6 6t u1x7 t3 3 6 2 6 x 2 u1x7 t37 x 4 57 t 4 5 6 0
where u1x7 t3 is the field variable, can be generalized by using the concept of a fractional derivative of distributed order in time. This concept first appeared in the work of Caputo (1969) , and was later developed by Caputo himself, (Caputo, 1995 (Caputo, , 2001 ) as well as by Bagley and Torvik (Bagley and Torvik 2000a,b) A basic framework for the numerical solution of distributed-order differential equations has recently been introduced by Diethelm and colleagues (Diethelm and Ford, 20011 Diethelm and Luchko, 2004) , and also by Hartley and Lorenzo (Lorenzo and Hartley, 20021 Hartley and Lorenzo, 2003) . For this purpose, we consider a function p123, which acts as a weight for the order of differentiation 2 4 107 1] such that p123 7 07 and
The positive constant c can be taken as 1 if we wish to assume the normalization condition for the integral. Clearly, some special conditions of regularity and behaviour near the boundaries will be required for the weight function p123. Specifically, we require, for convenience, that its primitive P123 3 2 2 0 p12 8 3d2 8 vanishes at 2 3 0, and is continuous to that point from the right, attains the value c at 2 3 1 and has at most finitely many (upwards) jump points in the half-open interval 0 4 2 2 1, these jump points allowing delta contributions to p123 (this last is particularly relevant for discrete distributions of orders). This function, which can be called the order density if c 3 1, is allowed to have 9-components if we are interested in a discrete distribution of orders.
There are two possible forms of generalization, depending on whether we use fractional derivatives in the R-L or C sense. Correspondingly, we obtain the time-fractional diffusion equation of distributed order in the two forms:
and
From now on we shall restrict our attention to the fundamental solutions of equations (3) and (4), so we assume from now on that these equations are subject to the initial condition u1x7 0 6 3 3 u 1x7 0 6 3 3 91x3. Since, for distributed order, the solution depends on the selected form (as we shall show hereafter), we now distinguish the two fractional equations and their fundamental solutions by giving the variable u1x7 t3 in the Caputo case the subscript , as is customary for the notation of the corresponding derivative.
Several authors have recently discussed diffusion equations of distributed order of both the C type (see, e.g., Caputo, 20011 Chechkin et al., 2002 , 2003a ,b1 Naber, 20041 Sokolov et al., 2004 and the R-L form (see, e.g., Sokolov et al., 20041 Sokolov and Klafter, 20051 Langlands, 2006) . In some articles the authors have referred to the C and R-L forms as the "normal" and "modified" forms (respectively) of the time-fractional diffusion equation of distributed order. A general overview of fractional pseudo-differential equations of distributed order can be found in the work of Umarov and Gorenflo (2005) . For a discussion of their relationship with continuous random walk models, the reader is referred to the work of Gorenflo and Mainardi (2005) .
R-L and C Forms in the Fourier-Laplace Domain
The fundamental solutions for the time-fractional diffusion equations (3) and (4) 
In the Fourier-Laplace domain, our Cauchy problems, with u1x7 0 6 3 3 u 1x7 0 6 3 3 91x3, appear (after applying formulae for the Laplace transform appropriate to the R-L and C fractional derivatives -see equations ( (67) and ((66) -and observing 7 913 1 (see, e.g., Gelfand and Shilov, 1964) ) appear in the two forms s 7 8 u17 s3 9 1 3 9
Introducing the relevant functions
we get the Fourier-Laplace representation of the corresponding fundamental solutions for the R-L and C cases as
From equations (10) and (11) we can see that conversion between the R-L and the C forms can be carried out using the transformation
Note that in the particular case of time fractional diffusion of single order 2 0 (0 4 2 0 2 1) we have p123 3 912 9 2 0 3 and, hence, in equation ( (8 
This is consistent with the well-known result that the two forms are equivalent for the single order case. However, for a generic order distribution, the Fourier-Laplace representations (10) and (11) are different, and the two forms produce different fundamental solutions in the space-time domain1 these can be seen to be interrelated in some way, in view of transformation (12).
VARIANCE OF THE FUNDAMENTAL SOLUTIONS
General Considerations
Before trying to determine the fundamental solutions in the space-time domain to be obtained by a double inversion of the Fourier-Laplace transforms, it is worth outlining the expressions of their second moment (that is, the variance), since these can be derived from equations (10) and (11) through a single Laplace inversion, as will now be shown. We recall that the time evolution of the variance is relevant for classifying the type of diffusion. Denoting, for the two forms, R-L : 2 1t3 :3
we recognize that R-L : 2 1t3 3 9 6 2 6 2 7 u1 3 07 t37 C : 2 1t3 3 9 6 2 6 2 7 u 1 3 07 t35
As a consequence, we need to invert only Laplace transforms, taking into account the behaviour of the Fourier transform for near zero. For the R-L case, we get (from equation (10))
and thus obtain 2 1s3 3 9 6 2 6 2 7 8 u1 3 07 s3 3 2A1s3
For the C-case, we get (from equation (11) 
we expect the time evolution of the variance for a generic order distribution to depend substantially on the chosen (R-L or C) form.
We will now consider some typical choices for the weight function p123 that characterizes the time-fractional diffusion equations of distributed order (3) and (4). This will allow us to compare the results for the R-L and C forms.
Double Order Fractional Diffusion
First, we consider the choice p123 3 p 1 912 9 2 1 3 6 p 2 912 9 2 2 37 0 4 2 1 4 2 2 2 1
where the constants p 1 and p 2 are both positive, conveniently restricted to the normalization condition p 1 6 p 2 3 1. For the R-L case we have Chechkin et al., 2002) .
We can see that for the R-L case we have an explicit combination of two power laws: The smaller exponent (2 1 ) dominates for small times, whereas the larger exponent (2 2 ) dominates for large times. For the C case, we have a Mittag-Leffler function in two parameters, and thus we have a combination of two power laws only asymptotically for small and large times. Specifically, we get a behaviour that is opposite to that for the R-L case, and so for the C case the larger exponent (2 2 ) dominates for small times whereas the smaller exponent (2 1 ) dominates for large times.
We can derive the above asymptotic behaviours directly from the Laplace transforms (23) and (26) by applying the Tauberian theory for Laplace transforms. According to this theory, the asymptotic behaviour of a function f 1t3 near t 3 and t 3 0 may be (formally) obtained from the asymptotic behaviour of its Laplace transform 8 f 1s3 for s 0 6 and for s 6, respectively. In fact, for the R-L case, we note that for A1s3 in equation (22) 
Fractional Diffusion of Uniformly Distributed Order
Next, we consider the choice 
and so, in combination with equation (17), we get 2 1s3 3 2
Then, by inversion (see Appendix C, equations (91) and (92) 
Then, by inversion (see Appendix C, equations (87) and (90) du denotes the exponential integral function recalled in Appendix C, and 3 0557721555 is the Euler-Mascheroni constant.
For the uniform distribution, we find it instructive to compare the time evolution of the variances for the R-L and C forms with that corresponding to a number of single orders. The top part of Figure 1 shows results for moderate times (0 2 t 2 10) using linear scales, while the lower part displays those for large times (10 1 2 t 2 10 7 ), using logarithmic scales.
EVALUATION OF THE FUNDAMENTAL SOLUTIONS
The Two Strategies
In order to determine the fundamental solutions u1x7 t3 and u 1x7 t3 in the space-time domain, we can use either of two alternative strategies related to the order in carrying out the inversions of the Fourier and Laplace transforms in equations (10) and (11) 1. invert the Fourier transform, giving 8 u1x7 s3, 8 u 1x7 s3, and then invert the remaining Laplace transform (S1) 2. invert the Laplace transform, giving 7 u17 t3, 7 u 17 t3, and then invert the remaining Fourier transform (S2)
Before considering the general case of time-fractional diffusion of distributed order, we will briefly recall the determination of the fundamental solution u1x7 t3 (common to both the R-L and C forms) for the single order case. This strategy was adopted by Mainardi (1993 Mainardi ( , 1996 Mainardi ( , 1997 to obtain the Green function in the form u1x7 t3 3 t 92 0 2 U xt 2 0 2 7 9 4 x 4 67 t 7 0 (36) where the variable X :3 xt 2 0 2 acts as a similarity variable and the function U 1x3 :3 u1x7 13 denotes the reduced Green function. Restricting our attention to x 7 0, the solution is
where M 2 0 2 1x3 is an entire transcendental function (of order 111 9 2 0 23) of the Wright type (see Podlubny, 19991 Gorenflo et al., 1999 , 2000b1 Mainardi and Pagnini, 2003 .
Since the fundamental solution has the property of self-similarity it is sufficient to consider the reduced Green function U 1x3. Figure 2 shows the U 1x3 for different orders ranging from 2 0 3 0, for which we recover the Laplace density
to 2 0 3 1, for which we recover the Gaussian density (of variance 2 3 2)
Strategy S2 yields the Fourier transform
where E 2 0 denotes the Mittag-Leffler function (see Appendix B). The strategy (S2) has been used by Gorenflo et al. (2000a) and also by Mainardi et al. (2001 Mainardi et al. ( , 2005 to obtain the Green functions of more general space-time-fractional diffusion equations (of single order), and requires us to invert the Fourier transform using the machinery of the Mellin convolution and the Mellin-Barnes integrals. Restricting ourselves here to recalling the final results, the reduced Green function for the time-fractional diffusion equation now appears, for x 7 0, in the form
11 9 s3 11 9 2 0 s23 x s ds (41) with 0 4 4 1. By solving the Mellin-Barnes integrals using the residue theorem, we arrive at the same power series of the M-Wright function as in the previous case (equation (37)). Both strategies allow us to prove that the Green function is non-negative and normalized, and can thus be interpreted as a spatial probability density evolving in time, with similarity law (refeqno4.2). (For further discussion of the fundamental solutions of fractional diffusion equations of single order, see, e.g., Schneider and Wyss, 19891 Kochubei, 19901 Metzler et al., 19941 Saichev and Zaslavsky, 19971 Hilfer, 20001 Metzler and Klafter, 20001 Anh and Leonenko, 20011 Hanyga, 20021 Zaslavsky, 20021 Eidelman and Kochubei, 20041 and references therein).
Distributed Order Diffusion
As with single order diffusion, either strategy (S1) or strategy (S2) can be followed for cases of distributed order. In contrast with previous articles by our group, where we have followed the strategy S2 (Mainardi and Pagnini, 20061 Mainardi et al., 2006a,b) , here we follow strat-egy S1. This choice requires the Fourier transform pair (a straightforward exercise in complex analysis based on residue theorem and Jordan's lemma) We can recognize, by comparing equation (42) with equations (10) and (11) that for the RL and C forms we have R-L : c 3 c1s3 :3 1A1s3
Next, we invert the Laplace transforms obtained by substituting relevant parts of equation (43) into the right-hand side of equation (42). For the R-L case we have
while for the C case we have
Following a standard procedure in complex analysis, the Laplace inversion requires integration along the borders of the negative real semi-axis in the s-complex cut plane. In fact, this semi-axis, defined by s 3 r e i with r 8 0, turns out to be the branch cut common for the functions s 192 (present in A1s3 for the R-L form) and s 2 (present in B1s3 for the C form). Then, by means of the Titchmarsh theorem on Laplace inversion, we get the representations in terms of real integrals of Laplace type.
For the R-L case we get u1x7 t3 3 9 1
where, from equation (44), we must know A1s3 along the ray s 3 re i with r 8 0. We can thus write 
where the functions P1x7 r3 and P 1x7 r 3 must be derived by using equations (44), (46), (47), (48) and (52), and equations (45), (49), (50), (51), and (53), respectively. We recognize that, in view of transformation (12), the expressions of P and P are related to each other by the transformation
We thus need only to provide the explicit expression for the C form: 
The corresponding expression of P1x r3 for the R-L form can be obtained from equation (55) by applying transformation (54). Note that the fundamental solutions found in this subsection are equivalent to those obtained by the current authors elsewhere (Mainardi et al., 2006a) by following strategy S2, after a lengthy manipulation of Mellin-Barnes integrals.
Plots of the Fundamental Solutions
Next, we exhibit some plots of the fundamental solutions for the two case studies considered in Section 3.2, in order to demonstrate the remarkable difference between the R-L and the C forms.
For the case with two orders, we use 2 1 3 14 and 2 2 3 1 to contrast the evolution of the fundamental solution for the R-L and the C forms. Figure 3 shows plots of the R-L and C solutions plotted against x (in the interval x 2 5), at times t 3 051, t 3 1, and t 3 10. Within this limited spatial range we can see that the time evolution of the pd f depends on the different time-asymptotic behaviour of the variance for the two forms, as stated in equations (31) and (34).
For the uniform distribution, we find it instructive to compare, in Figure 4 , the solutions corresponding to R-L and C forms with the solutions of the fractional diffusion of a single order 2 0 = 14, 34, and 1 at fixed times (t 3 1, t 3 10. (2 0 3 12 has been excluded to improve the clarity of the plots.)
CONCLUSIONS
We have investigated the time fractional diffusion equation with (discretely or continuously) distributed order between 0 and 1 in both the Riemann-Liouville and Caputo forms, providing the Fourier-Laplace representation of the corresponding fundamental solutions. For the case with only a single order, the two forms are equivalent, with a self-similar fundamental solution, but for a general order distribution the equivalence and the self-similarity are lost. In particular, the asymptotic behaviour of the fundamental solution and its variance at small and large times depends strongly on the approach selected. We have considered two simple but noteworthy case-studies of distributed order, namely the case of two different discrete orders 2 1 and 2 2 , and the case of a uniform order distribution.
In the first of these cases, one of the orders dominates the time-asymptotics near zero, and the other order dominates near infinity, but 2 1 and 2 2 change their roles when switching from the R-L form to the C form of the time-fractional diffusion. The asymptotics for uniform order density are remarkably different, the extreme orders now being (roughly speaking) 0 and 1. We now meet super-slow and slightly super-fast time behaviours of the variance as we approach zero and infinity, again with the R-L and C forms producing opposite behaviours to one another. The figures in Section 3.3, clearly show the effects mentioned (in particular, the extremely slow growth of the variance as t for the C form). After analysis of the variance, which in practice requires only the inversion of a Laplace transform, we considered the task of the double inversion of the Laplace-Fourier representation. For a general order distribution we were able to express the fundamental solution in terms of a Laplace integral in time with a kernel which depends on space and order distribution in a simple form, see equations (52) to (55). For the two case studies considered, the plots of the fundamental solutions (see Section 4.4) clearly show their dependence on the different asymptotic behavior of the corresponding variance. 2 6 log t 6 e t 3 1 1t3 s 3 log s s 9 1 9 log s s 3 log s s1s 9 13 5 (87)
We will now outline the different asymptotic behaviour of the three functions 3 1 1t3, Ein1t3 and 6 log t 6 e t 3 1 1t3, for small argument (t 0 6 ) and large argument (t 6). Using equations (78), (80) and (82) 
Note that all the above asymptotic representations can be obtained from the Laplace transforms of the corresponding functions by invoking the Tauberian theory for regularly varying functions (power functions multiplied by slowly varying functions) (Feller, 1971) . A (measurable) positive function a1y3, defined in a right neighbourhood of zero, is said to be slowly varying at zero if a1y3 8 0 and a1cy3a1y3 1 with y 0 for every c 8 0. Similarly, a (measurable) positive function b1y3, defined in the neighbourhood of infinity, is said to be slowly varying at infinity if b1cy3b1y3 1 with y for every c 8 0. Consider, for example, 1log y3 with 4 5 and exp 1log ylog log y3. 
For details of this transcendental function the reader is referred to the third volume of the Handbook of the Bateman Project (Erdélyi et al., 1955, Chapter 18) .
